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Abstract :
In the case of a cylinder flow, Barkley (EuroPhys. Lett 75, 2006) has shown, thanks to a global mode analysis,
that the mean-flow was marginally stable and that the eigenfrequencies associated to the global modes well fit the
Von-Karman Strouhal(Re) function for 46 < Re < 180. The aim of this article is to give a theoretical proof of
this result. For this, we achieve a weakly non-linear analysis valid in the vicinity of the critical Reynolds number
and based von the small parameter ǫ = Re−1
c
− Re−1 ≪ 1. We numerically compute the complex constants λ
and µ′ which appear in the Stuart-Landau Amplitude equation: dA/dt = ǫλA − ǫµ′A|A|2. Here A is the scalar
complex amplitude of the marginally stable global mode existing at ǫ > 0 and which becomes unstable for ǫ > 0.
If one looks carefully to the non-linear interactions yielding to µ′, we have shown that 1/ the mean-flow is stable 2/
the linear dynamics of the mean-flow yields the frequency of the saturated Stuart-Landau limit cycle. We will then
show that this result is not general by studying the case of an open cavity.
Résumé :
Dans le cas de l’écoulement autour d’un cylindre, Barkley (EuroPhys. Lett 75, 2006) a montré, au moyen d’une
analyse de stabilité linéaire globale, que le champ moyen était marginalement stable, et que les fréquences asso-
ciées aux modes propres reproduisaient bien les fréquences de détachement des structures tourbillonnaires entre
46 < Re < 180. On donne ici une justification théorique de ce résultat au moyen d’une analyse faiblement li-
néaire globale valable proche du seuil de bifurcation. Pour cela, on se place dans le voisinage de la bifurcation
en considérant le petit paramètre ǫ = Re−1
c
− Re−1 << 1. On calcul numériquement les constantes λ et µ′
intervenant dans l’équation d’amplitude de Stuart-Landau dA/dt = ǫλA− ǫµ′A|A|2. Ici, A désigne l’amplitude
du mode global marginal à ǫ = 0, cette structure se déstabilisant dès lors que ǫ > 0. Par une analyse détaillée des
interactions non-linéaires menant à la constante µ′, on démontre dans le cas du cylindre 1/ que le champ moyen
est stable 2/ que la dynamique linéaire du champ moyen fournit la fréquence du cycle limite non-linéaire saturé de
Landau. On montre ensuite que ce résultat n’est pas général en analysant les bifurcations dans dans le cas d’un
écoulement de cavité ouverte.
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1 Introduction
The prediction of the frequency of globally unstable flows has recently received much attention.
In the framework of local stability analyses, linear and fully nonlinear criteria have successivelly
been built to predict this frequency (see Pier & Huerre (2001) for review). In the case of wake
flows, Hammond & Redekopp (1997) and Pier (2002) have noticed that a linear criteria on the
mean-flow and not on the base-flow yields particularly good results as for the prediction of the
frequency of the unsteadiness. In the case of a cylinder flow, Barkley (2006) confirmed this
result thanks to a global stability analysis for 46 < Re < 180. He showed in addition that the
mean-flows were marginally stable. The aim of this article is to give a theoretical justification
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of this result thanks to a weakly nonlinear analysis valid in the vicinity of the critical Reynolds
number.
2 Presentation of the cylinder and the open cavity configurations
We consider a cylinder of diameter D in a uniform flow of velocity U∞. In the following, all
quantities are made non-dimensional with these two reference length and velocity scales. The
two-dimensional homogeneous incompressible Navier-Stokes equations then read:
∂tu +∇u · u +∇p− Re−1∆u = 0 and ∇ · u = 0 (1)
where (u, p) represent the velocity and pressure of the flow field and Re is the Reynolds number
based on the length scale D and the velocity U∞. A cartesian coordinate system (x, y) whose
origin is located at the centre of the cylinder is used. The longitudinal and transverse velocities
are denoted u = (u, v). The upstream ∂Ω1, downstream ∂Ω3 and lateral boundary ∂Ω4 are
located respectively at x = −30, x = 200 and y = 30. Note that we only consider the domain
y ≥ 0, the boundary ∂Ω0 only representing one half of the cylinder and ∂Ω2 representing
the symmetry plane. For the spatial discretizations, we use Taylor-Hood (P2, P2, P1) finite-
elements to represent the unknowns (u, v, p). The mesh has 167038 triangles yielding 756679
degrees of freedom for (u, v, p).
In the same spirit, we consider an open two-dimensional square cavity of same length and
depth D. The upstream velocity U∞ and the length D are used to make all quantities non-
dimensional. The upstream and downstream corners of the cavity are located at (x = 0, y = 0)
and (x = 1, y = 0). The upstream boundary ∂Ω1, downstream boundary ∂Ω3 and lateral
boundary ∂Ω4 are located respectively at x = −1.2, x = 2.5 and y = 0.5. A uniform flow
is prescribed at the inlet boundary Ω1 and a laminar boundary layer starts developing a (x =
−0.4, y = 0). Hence, a symmetry condition is prescribed on the boundary (−1.2 ≤ x ≤
−0.4, y = 0), which is noted ∂Ω2. No-slip boundary conditions are then imposed on (−0.4 ≤
x ≤ 0, y = 0), on the cavity wall, and on the downstream wall (1 ≤ x ≤ 2.5, y = 0). The
no-slip boundary is denoted ∂Ω0. Note that a symmetry boundary condition is also used at the
lateral boundary Ω4.
3 The Stuart-Landau amplitude equations
The Reynolds number Re is chosen to be very close and slightly above the critical Reynolds
number Rec where the first bifurcation occurs:
Re−1 = Re−1c − ǫ (2)
We consider the following asymtotic expansion of the flowfield U = (u p)T with the small
parameter 0 < ǫ≪ 1:
U(t, x, y) = U0(x, y) +
√
ǫU1(t, x, y) + ǫU2(t, x, y) + ǫ
√
ǫU3(t, x, y) + ... (3)
Note that U0(x, y) is a steady symmetric flow verifying ∂tU0(x, y) = 0 and (∂yu0 = 0, v0 = 0)
on ∂Ω2. This expansion is introduced in the Navier-Stokes equations (1) with the Reynolds
number given in (2). For small ǫ, we obtain a series of equations at various orders in √ǫi.
At order
√
ǫ
0
, we are faced with a nonlinear equation specifying that U0 is a steady solution
of the Navier-Stokes equations at the critical Reynolds number Rec. At order
√
ǫ
1
, we obtain
a homogeneous linear equation specifying that U1 may be taken as a superposition of global
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modes of the steady flowfield U0 at the critical Reynolds number Rec. We can therefore choose
that U1 be the real part of the marginal eigenmode existing at the critical Reynolds number Rec
multiplied by some complex scalar amplitude A. Note that this eigenmode is antisymmetric
and verifies (u1 = 0, ∂yv1 = 0) on ∂Ω2. At orders
√
ǫ
2
and
√
ǫ
3
, we obtain inhomogeneous
linear equations. The homogeneous part of these equations is the harmonic linearized Navier-
Stokes operator around the steady base flow U0 while the forcing terms involve terms of lower
orders, which have been determined previously. Solving the inhomogeneous equations shows
that compatibility conditions for the forcing terms have to be fulfilled when the homogeneous
operator is degenerate. This will occur at order
√
ǫ
3
and will yield the Stuart-Landau amplitude
equation for the complex amplitude A:
dA
dt
= ǫλA− ǫ (µ+ ν)A|A|2 (4)
where λ, µ and ν are three complex constants whose signification and value will be given below.
In the remaining part of this section, we will successively solve the equations at each order
√
ǫ
i
.
3.1 Order
√
ǫ
0
At order
√
ǫ
0
, we obtain the following nonlinear equation for U0:
∇u0 · u0 +∇p0 − Re−1c ∆u0 = 0 and ∇ · u0 = 0 (5)
with dirichlet boundary conditions (u0, v0) = (1, 0) on the inlet ∂Ω1, no-slip boundary con-
ditions (u0, v0) = (0, 0) on ∂Ω0, symmetric boundary conditions (∂yu0 = 0, v0 = 0) on
the lateral boundary ∂Ω4 and on the symmetry plane ∂Ω2, and outflow boundary conditions
(p0−Re−1c ∂xu0 = 0, ∂xv0 = 0) on the outlet ∂Ω3. These nonlinear equations for U0 are solved
thanks to a Newton method. The different matrices are inversed thanks to a sparse direct LU
solver based on an unsymmetric-pattern multifrontal method.
3.2 Order
√
ǫ
1
At order
√
ǫ
1
, we obtain the following homogeneous equation determining U1:
(∂tL+M)U1 = 0, L =
(
I 0
0 0
)
, M =
(
C[u0]− Re−1c ∆ ∇
∇T 0
)
where we have introduced the linearized convection operator
C[v]u = ∇v · u +∇u · v (6)
As we are at the critical Reynolds number, there exists a marginally stable unsymmetric
global mode of frequency ω0 and spatial structure UA1 such that: Kiω0UA1 = 0 where Kψ =
ψL + M. Homogeneous boundary conditions are specified on the inlet ∂Ω1 and on ∂Ω0,
antisymmetric boundary conditions (uA1 = 0, ∂yvA1 = 0) on the symmetry plane ∂Ω2 for the
cylinder and symmetric boundary conditions (∂yuA1 = 0, vA1 = 0) for the cavity. On the outlet
∂Ω3, we specify ouflow boundary conditions: (pA1 − Re−1c ∂xuA1 = 0, ∂xvA1 = 0). This is an
eigenvalue-eigenvector problem which is solved thanks to an Arnoldi method based on a shift-
invert strategy. We obtain ω0 = 0.7391− 0.0002249i with Rec = 46.6 for the cylinder flow and
ω0 = 7.493− 0.0007401i with Rec = 4140 for the open cavity. In the following, we choose for
U1:
U1 = A(ǫt)e
iω0tU
A
1 + c.c. (7)
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where A is a complex scalar which depends on a slow time scale according to equation (4).
Note that in the case of the cylinder, we use the normalization condition uA1 (1, 0) = 0.01 and
A(0) = 1. In the case of the cavity, uA1 (0.5, 0) = 1.
3.3 Order
√
ǫ
2
At order
√
ǫ
2
, we obtain the following inhomogeneous linear equation determining U2:
(∂tL+M)U2 = Pf12 + |A|2Pf |A|
2
2 +
(
A2e2iω0tPfA22 + c.c.
)
(8)
with
P =
(
I
0
)
, f
1
2 = −∆u0, f |A|
2
2 = −C[uA1 ]uA1 , fA
2
2 = −C[uA1 ]uA1 /2 (9)
We therefore look for a solution for U2 in the form: U2 = U12+ |A|2U|A|
2
2 +(A
2e2iω0tUA
2
2 +
c.c.) with K0U12 = Pf12 , K0U|A|
2
2 = Pf |A|
2
2 , K2iω0UA22 = PfA22 . These three unknowns are
symmetric with respect to ∂Ω2 since all forcing terms are symmetric. On the other boundaries,
we enforce the same boundary conditions as in the previous section, in particular homogeneous
on the inlet and on the cylinder, symmetric on the lateral boundary. The operators K0 and K2iω0
are non degenerate since 0 and 2iω0 are not eigenvalues in the cylinder and the cavity flows.
3.4 Order
√
ǫ
3
The same technique as in the preceding paragraph has been used at order
√
ǫ
3
. We look for U3
under the form:
U3 = Ae
iω0tU
A
3 + A|A|2eiω0tUA|A|
2
3 + A|A|2eiω0tUA¯A
2
3 + c.c. + ... (10)
with:
Kiω0UA3 = −λPuA1 + PfA3 fA3 = −C[uA1 ]u12 −∆uA1
Kiω0UA|A|
2
3 = µPuA1 + PfA|A|
2
3 f
A|A|2
3 = −C[uA1 ]u|A|
2
2
Kiω0UA¯A23 = νPuA1 + Pf A¯A23 f A¯A23 = −C[uA1 ]uA22
Only the resonant terms have been mentioned. As the forcing terms are antisymmetric, all
unknowns UA3 , U
A|A|2
3 and UA¯A
2
3 are antisymmetric.The linear operator Kiω0 is therefore de-
generate and a compatibility condition has to be satisfied in order for these equations to have a
solution.
Let us introduce the following scalar product:
〈Uα,Uβ〉 =
∫∫
Ω
(u¯αuβ + v¯αvβ + p¯αpβ) dxdy or 〈uα,uβ〉 =
∫∫
Ω
(u¯αuβ + v¯αvβ) dxdy
and the linear operator acting on antisymmetric flowfields:
Kˆψ =
(
ψ¯I −∇ () · u0 + (∇u0)T · ()− Re−1c ∆ −∇
∇T 0
)
It can be shown that for all flowfields Uα and Uβ which are homogeneous on the inlet ∂Ω1 and
on the cylinder ∂Ω0, symmetric on the lateral boundary ∂Ω4, antisymmetric (resp. symmetric)
on the symmetry plane ∂Ω2 in the cylinder (resp. cavity): 〈Uα,KψUβ〉 =
〈
KˆψUα,Uβ
〉
This
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shows that Kˆψ is the adjoint operator to Kψ. Hence, as Kiω0 is degenerate, Kˆiω0 should also
be. Hence, there exists UˆA1 such that: Kˆiω0UˆA1 = 0 with uˆA1 (1, 0) = 0.5 for the cylinder and
uˆ
A
1 (0.5, 0) = 1 for the cavity. Again this is an eigenvalue-eigenvector problem which is solved
thanks to an Arnoldi method based on a shift-invert strategy. Hence,
λ =
〈
uˆ
A
1 , f
A
3
〉
〈uˆA1 ,uA1 〉
, µ = −
〈
uˆ
A
1 , f
A|A|2
3
〉
〈uˆA1 ,uA1 〉
, ν = −
〈
uˆ
A
1 , f
A¯A2
3
〉
〈uˆA1 ,uA1 〉
(11)
Numerically we obtain respectively for the cylinder flow and the cavity flow:
λ = 9.142 + 3.242i, µ = 0.004437− 0.01411i, ν = −0.0001410− 0.0004066i (12)
λ = 3454 + 2992i, µ = 1927− 1686i, ν = 672.3 + 139.0i (13)
We can see that in both cases ℜ(λ) > 0, showing that the flows are unstable for ǫ > 0.
4 Limit cycle
We now study the dynamics of the Stuart-Landau amplitude equation with the coefficients cal-
culated above. As λr > 0 and µr+νr > 0 for both the cylinder and the cavity flow, the dynamics
converges on a limit cycle for which:
A =
√
λr
µr + νr
eiǫt(λi−λr
µi+νi
µr+νr
)
, u1 =
√
λr
µr + νr
eit[ω0+ǫ(λi−λr
µi+νi
µr+νr
)]
u
A
1 + c.c (14)
We then obtain the true frequency of the bifurcated flowfield:
ω = ω0 + ǫλi − ǫλr µi + νi
µr + νr
(15)
The first term on the r.h.s. is the frequency at the critical Reynolds number. The second term
designates the shift in frequency due to linear mechanisms (evolution of the eigenfrequency of
the global mode of the base flow as the Reynolds increases) while the third term is a shift in
frequency due to non-linear interactions. Numerically for the cylinder and the cavity flow:
ω = 0.7391 + 3.242ǫ+ 30.89ǫ (16)
ω = 7.493 + 2992ǫ+ 2056ǫ (17)
The expression for the cylinder perfectly matches the experimental curve giving the frequency
of the unsteadiness as a function of the Reynolds number in the vicinity of the bifurcation.
5 Mean-flow
Let us first recall the form of the flowfield on the limit cycle:
U = U0 +
√
ǫ
(
Aeiω0tUA1 + c.c.
)
+ ǫU12 + ǫ|A|2U|A|
2
2 + ǫ
(
A2e2iω0tUA
2
2 + c.c.
)
+ ... (18)
where A is given by Eq. (14). The mean flow U∗ corresponds to a mean in time of this flow:
U
∗ = U0 + ǫU
∗
2, U
∗
2 = U
1
2 +
λr
µr + νr
U
|A|2
2 (19)
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Remind that the base flow at the Reynolds number ǫ corresponds to U0 + ǫU12. Hence the term
λr/(µr + νr)U
|A|2
2 is the difference between the mean-flow and the base-flow. It corresponds to
the flowfield which is created thanks to the nonlinear interactions.
We now consider the linear stability of the mean-flow given by Eq. (19). For this, we
consider the following two-parameter asymptotic development for the flowfield U valid for
0≪ ǫ≪ 1 and 0≪ α≪ 1: U = U0 + αU1 + ǫU∗2 + αǫU3 + .... Here, ǫ is again the control
parameter given earlier but α designates the amplitude of the marginally stable unsymmetric
global mode U1. In the following, we consider very small amplitudes of this global mode
which verify: α ≪ √ǫ. Hence, the non-linear interactions in α2 will be negligible at order ǫ.
Again, we introduce this development into the incompressible Navier-Stokes equations (1) and
consider the equations at each order αiǫj . At order, α0ǫ0, we obtain the base-flow at Re = Rec.
At order, α1ǫ0, we choose for U1 the same expression as in Eq. (7), i.e. the marginally stable
antisymmetric global mode with a scalar complex amplitude A. At order, α0ǫ1, we obtain that
the mean-flow is not a solution of the steady Navier-Stokes equations. This has been discussed
by Barkley (2006). At order, α1ǫ1, we obtain a non-homogeneous linear degenerate operator.
As before, a compatibility condition has to be satisfied which yields the following amplitude
equation:
dA
dt
= ǫλ′A with λ′ = λ− λr
µr + νr
µ (20)
Hence:
λ′r = λr
νr
µr + νr
, λ′i = λi − λr
µi
µr + νr
(21)
Hence, if |νr/µr| ≪ 1, then λ′r ≪ λr, i.e. the mean-flow is stable. Hence, if |νi/µi| ≪ 1, then
λ′i is equal to the frequency of the limit cycle given in Eq. (15), i.e. the stability of the mean-
flow yields the non-linear frequency of the limit-cycle. The numerically computed constants
for the cylinder and the cavity flows are given in equations (12) and (13). We can see that in
the case of the cylinder, the two conditions are well satisfied. In the case of the cavity, only the
frequency will be approximately given by the mean flow whereas the amplification rate of the
mean-flow in the case of the cavity is still unstable. This can be checked by looking directly
at the amplification rate σ′ and pulsation ω′ deduced from (21) in the cylinder and the cavity
configurations:
σ′ = −0.3001ǫ, ω′ = 0.7391 + 3.242ǫ+ 30.03ǫ (22)
σ′ = 893ǫ, ω′ = 7.493 + 2992ǫ+ 2241ǫ (23)
Comparing this result to the true frequencies on the limit cycle (16) and (17), we retrieve that
|σ′| ≪ |σ| for the cylinder flow and ω′ ≈ ω for the cylinder and the cavity flow.
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